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Abstract

Suppose in a graph G vertices can be either red or blue. Let k£ be odd. At
each time step, each vertex v in GG polls £ random neighbours and takes the
majority colour. If it doesn’t have k neighbours, it simply polls all of them,
or all less one if the degree of v is even. We study this protocol on graphs of
a given degree sequence, in the following setting: initially each vertex of G is

red independently with probability a < 1, and is otherwise blue. We show

that if «v is sufficiently biased, then with hngh probability consensus is reached
on the initial global majority within O(log, log, n) steps if 5 < k < d, and
O(log,log,n) steps if k > d. Here, d > 5 is the effective minimum degree,
the smallest integer which occurs ©(n) times in the degree sequence. We
further show that on such graphs, any local protocol in which a vertex does
not change colour if all its neighbours have that same colour, takes time at
least Q(log, log, n), with high probability. Additionally, we demonstrate how
the technique for the above sparse graphs can be applied in a straightforward
manner to get bounds for the Erdés-Rényi random graphs in the connected

regime.
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1. Introduction

Let G = (V, E) be a graph where each of the n = |V vertices maintains an
opinion, which we will speak of in terms of two colours - red and blue. We
are interested in distributed protocols on G that can bring about consensus
to a single opinion. We also desire that the opinion that was the initial
majority is certain or highly likely to be the consensus reached. We make no
assumptions about the properties of the colours/opinions except that vertices
can distinguish between them.

The local majority protocol in a synchronous discrete time setting does the
following: At each time step, each vertex v polls all its neighbours and as-
sumes the majority colour in the next time step. We study a generalisation of
this, which we call the k-choice local majority protocol where a vertex polls a
random subset of k neighbours, or the largest odd number it has if it doesn’t
have k. We can retrieve the local majority protocol by setting k£ to be the
maximum degree, for example.

This can be motivated by both a prescriptive and a descriptive view. In the
former, as a consensus protocol, it can be seen as a distributed co-ordination
mechanism for networked systems. In the latter, it can be seen as a natural
process occurring, for example in social networks where it may represent the
spread of influence.

One of the simplest and most widely studied distributed consensus algo-
rithms is the voter model (see, e.g., [2, ch. 14]). In the discrete time setting,
at each time step t, each vertex chooses a single neighbour uniformly at ran-
dom (uar) and assumes its opinion. Thus, it can be seen as an extreme case
of the k-choice local majority protocol, with k& = 1. The number of different
opinions in the system is clearly non-increasing, and consensus is reached
almost surely in finite, non-bipartite, connected graphs. Using an elegant
martingale argument, [9] determined the probability of consensus to a par-
ticular colour. In our context this would be the sum of the degrees of vertices
which started with that colour, as a fraction of the sum of degrees over all
vertices. Thus, on regular graphs, for example, if the initial proportion of
reds is a constant «, the probability of a red consensus is «. This probability
is increased on non-regular graphs if the minority is “privileged” by sitting
on high degree vertices (as in say, for example, the small proportion of high
degree vertices in a graph with power-law distribution). This motivates an



alternative where the majority is certain, or highly likely, to win.

In addition to which colour dominates, one is also interested in how long it
takes to reach consensus. In the voter model, there is a duality between the
voting process and multiple random walks on the graph. The time it takes for
a single opinion to emerge is the same as the time it takes for n independent
random walks - one starting at each vertex - to coalesce into a single walk,
where two or more random walks coalesce if they are on the same vertex
at the same time. Thus, consensus time can be determined by studying this
multiple walk process. However, the analyses of local-majority-type protocols
have not been readily amenable to the established techniques for the voter
model, namely, martingales and coalescing random walks. Martingales have
proved elusive and the random walks duality does not readily transfer, nor
is there an obvious way of altering the walks appropriately. Thus, ad-hoc
techniques and approaches have been developed.

1.1. Related work and comparisons to our own

In [6] a variant of local majority is studied where a vertex contacts m others
and if d of them have the same colour, the vertex subsequently assumes this
colour. They demonstrate convergence time of O(logn) and error probability
— the probability of converging on the initial minority — decaying exponen-
tially with n. However, the analysis is done only for the complete graph;
our analysis of sparse graphs is a crucial difference, because the techniques
employed for complete graphs do not carry through to sparse graphs, nor
are they easily adapted. The error probability we give is not as strong but
still strong, nevertheless. Furthermore, the convergence time we give is much
smaller.

[13] and [12] look at local majority in different settings. In [13], for d-regular
A-expanders they show that when there is a sufficiently large bias, there is
convergence to initial majority. For the special case of d-regular random
graphs, they show a bias equivalent to our « = 1/2 — 1/ Vd is sufficient for
convergence to the initial majority. Our bias condition is more demanding,
i.e., whenever our condition is satisfied, theirs is too. However, their results
are limited to regular graphs and they do not address timings. In [12] the
initial setting is the same as ours; each vertex is independently red with some
probability, and they analyse the bias required for almost sure convergence



to the majority. However, they study the process only on infinite regular
trees.

In [5] the authors study the following protocol on random regular graphs
and regular expanders: Each vertex picks two neighbours at random, and
takes the majority of these with itself. They show convergence to the initial
majority in O(logn) steps with high probability, subject to sufficiently large
initial bias and high enough vertex degree.

Further afield, protocols that converge to initial global majority but which are
not based on local majority rules are given in [3] and [14]. Whilst [3] applies
to any connected graph, and converges to the initial global majority almost
surely, the convergence time bound given in [I5] (the best general bound
currently available for this protocol) is rather high, O(n*logn). In contrast,
[14], like [6], gives a protocol which is O(logn) time and has exponentially
small error probability. However, like [6], their analysis is dependent on the
graph being complete.

As far as we know, our analysis is the first to demonstrate (sub)logarithmic,
distributed, consensus on the initial majority with high probability (i.e., with
probability tending to 1 as n — o0), on sparse graphs.

1.2. Qutline of paper and some notation

This paper concerns two graph models: The space of graphs given by a
specified degree sequence, and Erddés-Rényi random graphs. The former will
be elaborated upon in the next section, with both definitions and structural
lemmas. In section [3| we will give the main theorems for how the k-choice
local majority protocol acts for this class of graphs. Subsequently, in section
we will do the same for Erdds-Rényi random graphs. Finally, in section [3]
we give a conclusion and discuss avenues for further investigation.

For a vertex v denote by N(v) the neighbours of v in G and let d(v) = d, =
|N(v)|. In this paper the log function is to base e when no base is stated.

We will denote by G € G(n, p) the Erdds-Rényi random graph with n vertices
and edge probability p.

For a graph G and a vertex v € G, let G[v, s] denote the subgraph induced
by the set of vertices within a distance s of v.



2. Graphs of a Given Degree Sequence: Graph Model

Let V' = [n] be a vertex set and define G,,(d) to be the set of connected simple
graphs with degree sequence d = (dy,ds,...,d,), where d; is the degree of
vertex ¢ € V. Clearly, restrictions on degree sequences are required in order
for the model to make sense. An obvious one is that the sum of the degrees
in the sequence cannot be odd. Even then, not all degree sequences are
graphical and not all graphical sequences can produce simple graphs. Take
for example the two vertices v and w where d, = 3 and d,, = 1. In order to
study this model, we restrict the degree sequences to those which are nice
and graphs which have nice degree sequences are termed the same. The
precise definition will be given in section 2.1} but basically, nice graphs are
sparse, with not too many high degree vertices. They also have the property
that there is a constant 0 < k < 1 and an integer d (that may grow with n)
that occurs kn + o(n) times in d, and any integer smaller than d occurs o(n)
times. We call d the effective minimum degree. It may be assumed where it
appears below that d is nice.

Our analysis also requires that graphs G taken from G, (d) have certain struc-
tural properties. The subset of graphs G/ (d) having these properties form
a large proportion of G,(d), in fact, |G/ (d)|/|G.(d)| = 1 — n=*D) when d is
nice ([1]). We term graphs in G/ (d) for d nice as typical. Further details will
be given in section [2.2]

For the special case of d-regular graphs G with d > 5 constant, we can give
stronger bounds on the error probability at the expense of time. To do so
we require that G be typical reqular, which almost all connected simple d-
regular graphs are. More precisely, if G, (d) is the set of all connected simple
d-regular graphs on n vertices, and G/ (d) C G,(d) is the subset of typical
regular graphs, then |G/ (d)|/|G.(d)] — 1 as n — oo, as shown in [4].

Although this model is typically framed as a random graph, randomness here
is superfluous. We assume that the graph G that the protocol acts upon is
from the typical subset G/ (d) of the set G,(d) of simple graphs with nice
degree sequence d. As long as G has the typical properties, the time and
error probability bounds will hold. The fact that the typical subset is almost
the same size as the general set is demonstrated via the configuration model.
See [I] for a detailed explanation.



2.1. Assumptions about the degree sequence

Let V; = {i € V : d; = j} and let n; = |V}|. Let > 1" d; = 2m and let
6 = 2m/n be the average degree. We use the notations d; and d(i) for the
degree of vertex 1.

Let 0 < k < 1 be constant, 0 < ¢ < 1/8 be constant and let v = (y/logn/6)*/3.
We suppose the degree sequence d satisfies the following conditions:

(1) Average degree 6 = o(y/logn).
(ii) Minimum degree 6 > 3.
(iii) Let d > 5 be such that ng = kn+o(n). We call d the effective minimum

degree.
d—1
(iv) Number of little vertices an = O(n4=V/d). 4 vertex v is little if
j=3
dlv) <d-1.

(v) Maximum degree A = O(n<@-1/d),

A
(vi) Upper tail size Z n; = O(A).
J=n0

Any degree sequence with constant maximum degree, and for which d = 9
is nice. The conditions hold in particular, for d-regular graphs, d > 5, d =
§ = o(y/logn), as condition (iii) holds with x = 1. The spaces of graphs we
consider are somewhat more general. The condition nice allows, for example,
bi-regular graphs where half the vertices are degree d > 5 and half of degree

A = o(ylogn).

Condition (ii) ensures connectivity with high probability. Conditions (i), (iv),
(v) and (vi) allow the structural properties in Lemma (1| to be inferred via
the configuration model, as was done in [I]. The effective minimum degree
condition (iii), ensures that some entry in the degree sequence occurs order
n times, and our analysis requires d > 5. In the conclusion, we shall discuss
relaxing this condition.

Definition 1. A nice degree sequence d is one that satisfies conditions (i)-
(vi) above, and we apply the same adjective to any graph G € G,(d) with a



nice d.

2.2. Structural properties of G

Let C' be a large constant, and let
w = w(n) = Cloglogn. (1)

A cycle or path is small, if it has at most 2w + 1 vertices, otherwise it is large.
Let
¢ =1{(n) = Blog’n (2)

for some large constant B. A vertex v is light if it has degree at most ¢,
otherwise it is heavy. A cycle or path is light if all vertices are light.

Lemmas 1] and [2| are from [I].
Lemma 1 ([1]). Let d be a nice degree sequence and let G be chosen uar
from G, (d). With probability 1 — O(n='/4),

(a) No pair of vertex disjoint small light cycles is joined by a small light
path.

(b) No light vertex is in two small light cycles.

(c) No small cycle contains a heavy vertex or little vertex, or is connected
to a heavy or little vertex by a small path.

(d) No pair of little or heavy vertices is connected by a small path.

Recall for a graph G and a vertex v € G, G|v, s] denotes the subgraph induced
by the set of vertices within a distance s of v.

A vertex v is d-tree-like to depth h if Glv,h] is a d-regular tree, (i.e. all
vertices on levels 0, 1, ..., A — 1 have degree d). We choose the following value
for h, which depends on the average degree 6.

1 logn
h = 1 3
log d ©8 ((1og logn) log 9) (3)

A vertex v is d-compliant, if G[v,w] is a tree, and all vertices of G[v,w| have
degree at least d. A vertex v is d-tree-reqular, if it is d-tree-like to depth




h, d-compliant to depth w and all vertices of G[v,w] are light. For such a
vertex v, the first h levels of the BFS tree, really are a d-regular tree, and
the remaining w — h levels can be pruned to a d-regular tree.

Lemma 2 ([1]). Let d be a nice degree sequence and let G be chosen uar
from G(d). There exists € > 0 constant such that with probability 1 —O(n™°),

O(1/loglogn

(e) there are n'~ ) d-tree-regular vertices.

Definition 2. A typical graph G is one that is nice and also satisfies condi-

tions (a)-(e) of Lemmas[1] and [4

Definition 3. Let Ly = € log,;n, where e > 0 is a sufficiently small con-
stant. A typical regular graph G of degree d for some constant d is one that
1s typical and and additionally has the following property:

(f) No pair of cycles Cy,Cqy with |Cy],|Ci| < 100Ly are within distance 100L;
of each other.

From [4] we have the following,

Lemma 3 ([4]). Let G be chosen uar from G,(d), the set of all simple con-
nected d-regular graphs. With probability tending to 1 as n — oo, no pair of
cycles Cy,Co with |Cql, |C1] < 100L; are within distance 100Ly of each other.

Thus, we see that a fraction 1 —n~%®) of graphs G € G,,(d) are typical and a
fraction 1 —o(1) of G € G, (d), the set of n-vertex simple connected d-regular
graphs, are typical regular.

3. Graphs of a Given Degree Sequence: Results

For all the results we give - both lower and upper bounds - we assume the
same initialisation of the colours of the vertices: initially, each vertex of G
is red independently with probability a € (0,3), and is otherwise blue. A
simple Chernoff bound argument gives the following:

Proposition 4. For come constant ¢ > 0, blue is the initial majority with
probability at least 1 — e~ ",



3.1. The lower bound

Definition 4. We call a protocol P local-stable (LS) if it has the following
properties

(1) It is local meaning that a vertez v can only directly exchange information
with its neighbours

(ii) It is stable, meaning that if a vertex v and all its neighbours N(v) are
the same colour, then under P, v will not change colour in the next
step

Theorem 5. Suppose G € G,(d) is typical with effective minimum degree d.
Suppose initially each vertex of G is red independently with probability o €
(0, %), and is blue otherwise. For any local-stable protocol P, the following
holds: With probability 1 — e~ ™) " at time step (1 — o(1)) log, log,n, P
will not have reached consensus on the initial majority.

Proof. Suppose v is d-tree-regular. The probability all vertices in G[v, h| are
initially red is o/ where K = 1+ 2% [(d — 1)* — 1]. Since G is typical,
there exist n!=00/1glo8n) d_tree-regular vertices (Definition [2)) so there will
be Q (n!~0(/loglogn) /g22) pon-intersecting d-regular trees of depth & (recall
the definition of ¢ from equation ({2))). Therefore, the probability that at least
one of these is initially all red is at least

K,,1-0(1/loglogn
1 . (1 . aK)Q(nl—O(l/loglogn)/zﬂu) Z 1 o eXp {_Q (a n K(QW/ g log )) }

nl—O(l/loglogn)
> 1—exp{—Q (—C&lhgzw )}7 (4)

where ¢ = é > 2. The logarithm of the bracketed expression in is

1
(1 -0 (—)) logn — 3d" log ¢ — 2wlog ¢

loglogn

1 logn
=(1-0 logn — 3(1 — 4C(loglogn)* — 2C(log B) log1
( (loglogn)) o8 (log ) (loglogn)log @ (loglogn) (log B) loglogn

=(1-0 b log n.
log logn




Thus is 1 — Qi)

By the locality and stability conditions, G[v, h] being initially all red means
it requires at least h time steps until v can become blue. The theorem follows
by Proposition [4] O

3.2. The upper bounds

We first formally define the protocol. Time is indexed by the non-negative
integers ¢t = 0,1,2,.... For a given graph G, let X (v) be the indicator
function for vertex v being blue at time ¢ under protocol P, i.e., X[ (v) = 1
iff v is blue at time step t when running protocol P. For a positive integer

k and a vertex v, define v(k) = min{k,Q L%J + 1}. Thus, v(k) is the

minimum of k£ and the largest odd number not greater than d(v). Below we
assume £ is odd.

Definition 5 (k-choice Local Majority Protocol MP"). At time step t + 1,
each vertex v € V' randomly picks a v(k)-subset N,(t + 1) uniformly from the
set of (gg:;) possible subsets. v then assumes at time t+1 the majority colour

at time t of the vertices in N,(t + 1). More formally,

MPF o
Xidd W) =1gis o X7 ()5 )

For real o and integer v > 2 define

Flv,a) = [(1 + %) 2} - da(l - a). (5)

In this section we shall prove the following:

Theorem 6. Let G € G, (d) be typical with effective minimum degree d.

Suppose initially each vertex of G is red independently with probability o €
(0,1), and is otherwise blue.

case b5 <k <d: Letv = % and suppose f (v,a) < B for some constant <
1. Then for any constant € > 0, with probability 1 — n*Q((log")w), MPE will

have reached consensus on the initial majority by time step 15;61/ log;. log;. n.

10



case k > d: Let d° be the largest odd number not greater than d, let v = %

and suppose f (v,a) < B for some constant B < 1. Then for any constant
e > 0, with probability 1 — n‘Q((IOg”)W), MP* will have reached consensus
on the wnitial magjority by time step blg% log ;o log o 1.

Observe that k is not required to be a constant; it is allowed to be a function
of n which goes to infinity.

Consequent of Theorem |5 and Theorem |§|, MP* is asymptotically optimal
when k£ = d (in fact, when d/k = O(1)). Note 13;61, is at most 3(1 + ¢) by
the assumption k& > 5, and it is (1 + o(1))(1 + ¢) if £ — oo with n. Thus,
when k£ = d — oo the upper bound is within factor 1+ ¢ of the lower bound,

for arbitrarily small constant € > 0.

An immediate corollary concerns random regular graphs:

Corollary 7. Let G € G,(d) be drawn uniformly at random from the set of
simple, connected d-regular graphs on n vertices, where 5 < d = o(y/logn).
Let 5 < k < d be odd. Suppose initially each vertex of G is red independently
with probability o € (0, %), and is otherwise blue. If f (%, a) < B for some
constant < 1, then with high probability, MP* will reach consensus on the
initial majority within ©(log, log, n) steps.

For regular graphs, we can get a stronger error probability at the expense of
time. For simplicty, we will only state it for the case k = d, with d odd.

Theorem 8. Suppose G € G, (d) is typical reqular with (odd) effective mini-
mum degree d . Suppose initially each vertex of G is red independently with
probability a € (0,1), and is otherwise blue. If f (%1, o) < B for some
constant § < 1, then for some constants ¢ > 1 and 0 < ¢ < 1, with probabil-
ity 1 — O (c*"S), by time O(logn) MP? will have reached consensus on the

initial magjority.

We give a brief outline of the key ideas that we use. Core to our analysis is
the tree subgraph. Consider a tree 7 (v) with root v. Suppose for simplicity
that all non-leaf vertices have degree d 4+ 1, where d > 5 is odd, and that
the tree is of depth h. Set k = d. Instead of picking from all neighbours, we
consider a slightly different protocol where non-leaf vertices only poll their
children and take the majority colour from that. At ¢ = 0, each vertex is red
independently with probability a < 1/2. Now consider a vertex x at depth

11



h—1, meaning x is parent to leaves. At time ¢ = 1,  polls its children in 7 (v)
and takes the majority colour. x’s own colour at time ¢ = 0 is irrelevant. At
time ¢ = 1, x will be red with probability p; = Pr(Bin(d, o) > d/2), which
is less than pg = «. All the other vertices at depth h — 1 have the same
probability of being red. Furthermore, since vertices only poll their children,
those at depth h — 1 are independent of each other. Thus, from the point
of view of vertices at depth h — 2, at time t = 2, they poll children, each of
which is independently red with probability p;. Hence, at t = 2, a depth h—2
vertex is red with probability p, = Pr(Bin(d,p;) > d/2) which is less than
p1. Continuing in this manner, the sequence pg, p1, ... decays exponentially,
and by time t = h, the root vertex will be sampling children which have a
very low probability of being red such that taking the union bound over all
such “tree-like” vertices v, means with high probability none of them are red
at time h.

In our analysis, we use this tree local subgraph and analyse a modification
of the majority protocol where vertices in the tree make the conservative
assumption that their parents are red. This can only do worse in terms of
error probability so provides a valid bound. Of course not all vertices in the
graphs under consideration are regular and locally tree-like, and we make use
of results on structural properties of these graphs to handle those vertices
close to cycles or which have small degree vertices in the locality.

For any v € V, there is some integer s > 0 such that 7 = G|v, s] is a tree
rooted at v. We define the modified magority protocol MMP* (v, s) with
respect to a vertex v € V. Recall X}*P*(z) = 1 if, under MP*, z is blue at

time ¢ and 0 if it is red. Let XtMMPk(”’S) (z) be the same for MMP" (v, 5).

Definition 6 (k-choice Modified Majority Protocol MMP* (v, s)). Let T =
Glv,s|. At time step t + 1, each vertex x € V' randomly picks a x(k)-subset
N, (t + 1) uniformly from the set of (ZEZ;) possible subsets. If x ¢ T then x

becomes at time t+1 the magjority colour at time t of the vertices in N, (t+1).
More formally,

MMP¥(v,5) o\
X (z) = ]‘{(ZyeNx(t_H)XtMpk(y))>x(k)/2}'

If © € T then denote by Par(z) the parent of x in T. At timet + 1, z
becomes the magjority colour at time t of the vertices in N,(t + 1), with the

12



added assumption that Par(z) was red at time t. More formally,

XMMPk(U,S) ) = 1 |
o o {(Zyewz(m)\{m(z)}XtMMPk(”’S)(y))n(k)/z}

Thus, MMP is the same as MP except that vertices in T effectively make
the conservative assumption that a parent is picked and it is red. This will
help in getting an upper bound on the probability of red.

In the next lemma, we couple MMP* and MP" to show how the former
bounds the latter. In order to do so, we make use of the fact that the
randomness of the system is not affected by the actions of the protocols. To
reiterate, given a graph G, there are two sources of randomness; there is the
initial random assignment of colours, and there is the sequence of choices of
neighbours (N, (t))22, each vertex v makes. Thus, the Cartesian product €2 of
the possible initial colourings with each of the infinite sequences of neighbour
choices each vertex creates a probability space, where an element o € () is a
particular initial colouring of the vertices and, for each vertex v, a particular
infinite sequence of neighbour choices made by v. The next lemma compares
MMP* and MP* under the same o € Q.

Lemma 9. For a graph G, a vertex v € G and s > 1, suppose T = G|v, s]
is a tree. Fiz o € Q and consider MP* and MMP* (v, s) under this o. For

all t > 0, we have XI‘MMPIC(U’S) (z) < XMP*(2) for every vertex z € G.
Proof. Below we will forgo ‘k’” and‘(v, s)” in the superscripts. N, (t) the set
of neighbours chosen by vertex x at time ¢ under o.

We argue by induction on ¢. Clearly XMM7P(z) = X7 (x) for every .
Suppose XMMP(z) < XMP(z) for every x. If x ¢ T then

MMP _ _ MP
Xt @) =Ly xpr >0y S s x> 2) = Xt (@)
If z € T then

> XMMP(y) < > XMPyy < Y XMP(y),
YEN, (t+1)\{Par(z)} YEN, (t+1)\{Par(x)} YEN, (t+1)

13



SO

XMMP(z) = 1 (k
t+1 ( ) {ZyGNI(t+1)\{Par(z)} X?AMP(y)>%}
1

2 venaern Xf\/w(yb#}

X/ (@),

IA

Corollary 10. Suppose G[v, s| is a tree. Then

Pr(XMP"(v) = 0) < Pr(X}MMP 9 (y) = 0).

Let
W'(n, k) = log, log, n.

We re-iterate that both & and d may be functions of n that go to infinity:

Lemma 11. Let G € G, (d) be typical with effective minimum degree d. Let
k be odd with b < k < d and let v = % Let € be any positive constant
and let A = %. Let w' = W'(n,k) and suppose Glv, A'| is a tree with
each non-leaf vertex having degree at least d. Suppose each vertex in G is
initially red independently with probability o € (0, %), and 1s otherwise blue.

If f(v,a) < B for some constant 5 < 1, then
Pr(X M7 (v) = 0) = p~ o)),

k
Proof. We bound Pr(X 7% (1) = 0) and use Corollary . For conve-
nience, we sometimes forgo notation that is obvious.

For a vertex x, let d(v,z) be the distance of x from v in G, and for ¢ > 0,
let p;(7) = Pr(XMMP(2) = 0). For any vertex z, po(r) = Pr(X;"MP(z) =
0) = «, and in particular, this holds for any vertex z such that d(v, z) = Aw'.

14



Now for z with d(v,z) = Aw' — 1,

pi(z) = Pr

Since a < %,

2v

2v
2 ) .
2
yENg(1)\{Par(x)} i=v

= et o (b ()

and using the inequality (*") < %, we have pi(z) < $(1+ \/LZ—V)(Zla(l —a))”.

Assume for t < Aw’ and all = such that d(v, ) = Aw' —t,

pi(r) < 411 [(1 + \/%) 2} H (4a(l —a))”,

and define p; to be the RHS of the above inequality.

Then for t + 1 and all « such that d(v,z) = Aw’ —t — 1,

Pi1()

<

IN

IA

IN

QZV (2;/)291(1 — )

1=V

1 1 )
5 (1 + o) (4pe(1 — py))

)
(1+ =) any
() (5[0 )™ o)

DPt+1-

N = N

15



Hence for any ¢t < Aw’ and all = such that d(v, x) = Aw' —t,

() < }1 ({(1 + \/%) 2} o do(1 — a)>yt = i (f(v, ).

In particular, when t = Aw’, vt = v4 = (log;, n)4'°8+¥, and by the condition
fv,0) < B,
PI'(XZLMP(U) _ 0) < lﬂ(logk n)Alogk v

= 1
_ L tom (4 tog myA s v

(7)

1+e
log;, v

where € > 0 is a constant, then the positive part of the exponent in @ is
1 . 1\ (logn)®
].ng (E) (logk,‘ n) = log (E) (10g k)1+€

B (logn)°
= 2 ((ogrgn)
= Q((logn)*?),

Now log, v = log,(551) > 0.43 since we assume k > 5. Hence, if A =

where the second equality holds because k& < d = o(y/logn). Thus, @ is
n~ g™ anq applying Corollary |10| completes the proof. n

The above lemma deals with vertices v for which G[v, Aw'| is a tree and
each non-leaf vertex in this tree has degree at least d. We are left to deal
with vertices v for which G[v, Aw'] contains a cycle or a non-leaf vertex with
degree less than d.

Lemma 12. Lemma |11 holds for Gv, Aw'] when Glv, Aw'] contains a cycle
or a non-leaf vertex with degree less than d.

Proof. Oberve first of all that C' in the definition of w is an arbitrarily large
constant. Hence, we can assume Aw’ < w.

In Lemma [1| (c) says all vertices within distance 2w + 1 of a small cycle C;
are light, so any other small cycle Cy within 2w+ 1 either connects to C; via a

16



small light path or C; and C, intersect. The former case is precluded by (a)
and the latter by (b) of the same lemma. Therefore, no pair of small cycles
is within distance 2w + 1 of each other. Hence, if for some v, G[v, Aw'] is not
a tree, then for some (unique) cycle C, v is either on C or there is a unique
small path from v to C. Consider the latter case. Suppose z € N(v) is on
the small path. We may assume x always to be red and since v has degree

at least d (by Lemma [1] (c)), the bound in (7)) holds.

Now suppose v is on the cycle C. Suppose {z,y} are the neighbours of v on
C. Each vertex u € N(v) \ {z,y} has degree at least d (by Lemma [1] (c))
and can assume v is always red to get the bound in . Thus by time Aw’
all of N(v)\ {z,y} will be blue and in the next step they will out-vote {x,y}
ifd—2>2.

We now deal with little vertices. By Lemma [l (d) there can be at most
one vertex u € G[v, Aw'] such that d(u) < d. If w = v then by the above
argument all of N(v) will be blue by time Aw’ and so v will be in the next
step. Otherwise, there is a unique path from v to u which can be cut off, and
by the above argument the bound holds. O

We now address the case k£ > d° where d° is the largest odd number not
greater than d. Intuitively, it would seem that having a higher degree could
only help the root vertex become the the initial majority, since a larger
number of child vertices are being sampled. Indeed, the following formally
justifies this intuition (proof in appendix):

Proposition 13. Let N be a natural number and p € (0,1). Then

Pr (Bin(2N,p) > N) > Pr (Bin(2N +2,p) > N +1).

As such, if MMP* is run with k& > d°, the probability the root is red is
at most the probability for MMPY. Thus, for k > d°, we may apply
Lemma setting k = d° and arrive at a correct conclusion. Why then
not derive a similar result directly for £ > d°? On the assumption that the
degrees of vertices in the tree are at least k + 1, and £ = O(logn), one may
do so, getting a blue root vertex within O(log, log, n) steps. However, the
result would not hold for all vertices. The effective minimum degree d is a
natural upper barrier since it defines the structural result given in Lemma[2]
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which we apply to get the lower bound. Thus, even if some vertices become
blue more quickly in time O(log, log, n), there will be some which require
Q(log o log g n) steps.

Proof of Theorem [6. For 5 < k < d, using Lemmas [11] and [12] apply a
union bound to all n vertices in G. The case k > d° follows by the above
discussion. Finally, we apply Proposition [4 O

Proof of Theorem [8 This follows by the same reasoning as the proof of
Theorem [6], except that now we use trees of depth L;, giving a time L; and
error bound @ of

Pr(X7 () =0) < 16 = O(c™) (5)

for some pair of constants ¢ > 1 and 0 < ¢ < 1. O

4. Erdss-Rényi Random Graphs

We study G, (p) for p = Clo%, where ¢ > 2+ ¢ and € > 0 is a constant. We
shall take k to be an odd constant, though it should not be too difficult to
extend the results for values which go to infinity with n.

Theorem below gives a probability for a trial whereby a graph G from
G(n, p) is picked then the protocol run on it, i.e., there is randomness in the
actual graph the protocol is run on. This is in contrast to Theorems [3] [6]
and [§| where there was no randomness in picking the graph; it merely had to
be a graph from the typical set. When p = 1, however, G(n,p) will be the
complete graph with probability 1. In this case, it is interesting to compare
this result with those given in [6]; the error probability in Theorem [14]is not
as strong as the exponentially small one given in [6] but the convergence time
is O(loglogn) compared to their O(logn).

Theorem 14. Let € > 0 be a constant and p > (2+€)logn/n. Pick a graph
G € G(n,p) and suppose each vertex in G is initially red independently with
probability o € (0, %), and s otherwise blue.

Let k > 5 be an odd constant and let v = % If f(v,a) < B for some

constant 5 < 1, then for any positive constant €, the following holds with
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Q(1)

probability 1 — n=""Y: By time

sensus on the initial majority.

101;;5,, logy log,, n MPF will have reached con-

Proof. We use the Chernoff bound given in Theorem [15} in the appendix.
If X is the degree of a particular vertex v, X ~ Bin(n — 1,p). Let ¢; be a

constant such that 1 > ¢; > 1/2/(2+¢€). Then
€t _ o —(1+c1)
Pr(X < (1 —¢)(2+¢)logn) <exp —5(2+e)logn =n :

for some constant ¢; > 0. Taking the union bound over all vertices means
that with probability at least 1 —n~“ each vertex has degree at least ¢y logn
for some constant ¢y > 0.

Our approach is as follows: We fix a vertex v and choose a positive integer 7.
We work backwards in time from ¢ = T looking at the k vertices polled by v
at time 7', then look at the k? vertices polled by those vertices at time 7' — 1
and so on. We shall show that if If 7" is not too large, the polling decisions
will have a tree structure, or will be a tree plus one extra edge. We shall see
that we can choose T to be Aw’, where A = 13;511 and w' = log,, log, n. We
then calculate the probability of v being blue at time Aw’ based on the same

principle as the previous section.

For a vertex v, denote the set of k vertices chosen by v at time t by N,(t).
Consider a “root” vertex v. We build a (multi)graph 7 = T (v) with the
following algorithm. The data structure map associates a vertex with a value.
E(T) is the edge multiset of 7. The vertex set V(7T) is not a multiset.

Before two cycles have formed, no vertex has exposed more than 2k+2 edges.
Given that k is a constant and each vertex has degree Q(logn), this exposure
is negligible. Since |V (T)| < k4“'*1, the probability, at any particular step
before two cycles are formed, of connecting to 7 is O (kA“’/H / n) Therefore,
the probability that at any point in its construction 7T is picked twice is at
most

k,2(Aw’+1) kAw’—i—l k4(Aw’+1) (1ng n)4A
o) () e ) o (M)

where we have used the assumption that k£ is constant in the last equality.
Taking the union bound over all n originating vertices, we see that with
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Algorithm 1: 7-BUILD

T« {v};

map(v) «— 0 ;

for i <+ 0 to Aw' —1do

foreach x € V(7) do

if map(z) =i then
V(T) «— V(T) U N (Aw' — i);
foreach y € N, (Aw' — i) do

map(y) «— i + 1

L E(T) «— E(T) U (z,);

© 00 N O Uk W N =

probability 1 —n~*" T (v) has at most one cycle for every v in G.

We can now apply the same reasoning as in the proof of Theorem [6] If for a
v T (v) has a cycle C , then if v is not on C we can cut off the (unique) branch
containing C and the bounds in holds, as per the proof of Lemma . It
v is on C, then since kK — 2 > 2, the two neighbours of v on C are out-voted
by those not on C, again, as per the proof of Lemma [12]

[]

5. Conclusion and Further Work

We have studied a variant of the local majority protocol on two types of
graphs: those with a prescribed degree sequence, and Erdés-Rényi random
graphs in the connected regime. We have shown that when each vertex
starts red independently with probability less than half, then the process
will converge to the initial global majority with high probability, and will
do so in sublogarithmic time. We have also demonstrated lower bound for
convergence time that is within a small factor of the upper bound for the
prescribed degree sequence graphs.

There are a number of possible directions for further research. Recall that
nice degree sequences required the effective minimum degree d to be at least
5. Since we require minimum degree 3 to ensure connectivity, it would appear
to be a suitable target for reducing the bound on d. However, if there are
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Q(n) vertices with degree 3, then there could be cycles of degree 3 vertices
with some of those cycles being entirely the minority colour. Since they can’t
change colour, consensus can’t be reached on the initial global majority. In
this case, an alternate protocol such as choosing neighbours uniformly at
random with replacement could be an interesting line of investigation. For
the protocol of this paper, d = 4 remains a valid target.

Another direction is studying the process on other graph models. In particu-
lar, those exhibiting inhomogeneous structure such as power-law distributions
(see, e.g., [I0] for an up to date treatment of such models).

Lastly, one may consider a setting in which the initial distribution of colours
is not necessarily random, and investigate which distributions allow for a
convergence to the initial global majority.
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7. Appendix

Proof of Proposition |15 Let X and Y be independent random variables with
distributions Bin(2N, p) and Bin(2, p) respectively, and let Z = X +Y. Then
lix>ny = 1iz>n41) except when X = N and Y = 0, or X = N — 1 and
Y = 2. The former case occurs with probability p, = (2N ) pN (1 —p)V*2 and

N
the latter with p, = (1\27]_\[1)]7N+1<1 _ )N+ Observe py > py if and only if
p= 2]}]\71117 which is always the case when p < % 0

Theorem 15 ([§]). Let X = 3" | X; where the X;’s are independent random
variables distributed in [0,1]. For e >0,

Pr(X < (1 — ¢)E[X]) < exp (—éE[X]) _
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